We report on the computation of the light quark vacuum polarization with 2+1+1 flavors of HISQ fermions at the physical point and its contribution to the muon anomalous magnetic moment. Three ensembles, generated by the MILC collaboration, are used to take the continuum limit. We compare our result with recent ones in the literature.
Introduction
Fermilab experiment E989 is currently measuring the anomalous magnetic moment of the muon (a µ = (g − 2)/2) with the goal of reducing the error on the BNL E821 [1] result by a factor of four. Lattice calculations of the hadronic contributions, like the one reported here, are crucial to obtain and cross-check the Standard Model value to the same accuracy in order to discover new physics or lay to rest the longstanding discrepancy between theory and experiment.
Using lattice QCD and continuum, infinite-volume (perturbative) QED, one can calculate the hadronic vacuum polarization (HVP) contribution to the muon anomalous magnetic moment [2] ,
f (q 2 ) is known, andΠ(q 2 ) is the subtracted HVP,Π(q 2 ) = Π(q 2 ) − Π(0), computed directly on a Euclidean space-time lattice from the Fourier transform of the vector current two-point function,
The form in the second equation is dictated by Lorentz and gauge symmetries. In the following it is convenient to use the time-momentum representation [3] which results from interchanging the order of the Fourier transform and momentum integrals. 6) where C(t) is the Euclidean time correlation function and (1.1) becomes
where a HVP µ is obtained in the limit T → ∞. Note the double subtraction [3, 4, 5] in the cosine term above: 1/2 t 2 cancels Π(0) configuration-by-configuration, and the leading finite volume correction is killed by the "-1".
The calculation rests heavily on the use of noise reduction techniques developed by the RBC and UKQCD collaborations, including all-mode (AM) and full volume low-mode (LM) averaging (see [6, 7] and references therein). We take a moment to describe the low-mode structure of the staggered fermion Dirac operator which plays a central role. The staggered operator is the sum of hermitian and anti-hermitian parts, so it satisfies (even-odd ordering) 8) and similarly for the preconditioned operator
Eigenvectors of the preconditioned operator are eigenvectors of M with squared magnitude eigenvalue, and the even part can be obtained from the odd part, n e = −i λ n M eo n o . The eigenvalues come in ± pairs: If n = (n o , n e ) is an eigenvector with eigenvalue λ n , then
is also an eigenvector with eigenvalue −λ n .
Thus we can construct pairs of eigenvectors corresponding to ±iλ for each λ 2 , n o in the full volume low-mode average. The full-volume LMA takes advantage of the spectral decomposition of quark propagator that requires only two independent volume sums instead of a volume-squared sum in the correlation function. We employ a conserved current (minus the three-hop Naik term) which makes the "meson fields" a bit more complicated,
and spectral decomposition of propagator,
where λ n is shorthand for either m ± iλ n , and to compute the above we construct the meson fields
The total contribution to a µ comes from both connected-and disconnected-quark line diagrams shown in Fig. 1 , for each flavor of quark in Nature. The u, d quark connected contributions are by far the largest, and we only compute them in this work. Comparison to other precise calculations will provide important validation for the lattice method. 
Preliminary Results
We use the 2+1+1 flavor, physical mass ensembles generated by the MILC collaboration at three lattice spacings shown in Tab. 1. Table 1 : Gauge field ensemble parameters [8] . LM is the number of low-modes of the preconditioned Dirac operator. The number of configurations used for approximate, exact, and LMA measurements in this study are given in the last column.
In Fig. 2 the integrand in (1.7) computed on the 48 3 ensemble is shown along with the full volume LMA (using 3000 × 2 low-modes per configuration) and AMA (256 sloppy and 8 exact point source propagators per configuration) contributions.
As observed in [9] there is a huge reduction in statistical error from the low-mode average, the last term in (2.1) (compare the total with and without LMA). The error reduction is especially large for large distance, as expected. In order to reduce further the statistical errors on the integrated result, we employ the bounding method [9, 10] wherein C(t), for t > T , is given by C(t) = 0 (lower bound), and C(t) = C(T )e −E 0 (t−T ) (upper bound), where E 0 = 2 m 2 π + (2π/L) 2 , i.e, the lowest energy state in the vector channel. At sufficiently large T the bounds overlap, and an estimate for a µ can be made which may be more precise than simply summing over the noisy long-distance tail. In Fig. 3 results are shown for the 48 3 and 96 3 ensembles. Central values for a µ are averages over a suitable range where T is large enough for the bounds to overlap but not so large that statistical errors blow up.
The muon anomaly for each lattice spacing is plotted in Fig. 4 . We do not gain much from the bounding method for the 48 3 ensemble which has very small statistical errors already. But on the larger 96 3 ensemble there is a clear advantage. The statistical errors in the latter case are larger likely because we have fewer measurements (see Tab. 1) but also because fewer low-modes (2 × 2000 compared to 2 × 3000) were used on the 96 3 lattice due to the expense. We take a simple linear ansatz in a 2 , the leading artifact in the time-momentum representation, to take the continuum limit at fixed volume (L ≈ 5.5 fm). The result is about 614 × 10 −10 with a statistical error of 22 × 10 −10 which is consistent with recent results in the literature (see, e.g., contributions to these proceedings), but with a relatively large error.
To explore a more precise comparison with other results, we adopt the window method of Ref. [9] .
where t 1 − t 0 is the size of the window and ∆ is a suitably chosen width that smears out the window at either edge. We choose windows to avoid both lattice artifacts at small distance and large statistical errors at large distance. with values from the recent RBC/UKQCD computation using domain wall fermions. The results should agree in the continuum limit up to small systematics. We also show the corresponding dispersive/e + e − value. The HISQ result is 2-3 standard deviations above the DWF and dispersive ones. The largest difference is about 7 × 10 −10 , or roughly one percent of the total HVP contribution to a µ . Adding an a 4 term or leaving out the largest lattice spacing point tend to give even higher values with somewhat larger statistical errors. It is interesting to note that the HISQ and DWF lattice spacing errors are comparable. While we have not included estimates of the finite volume errors in our calculation, these are expected to be very small in the 0.4-1.0 fm window. Likewise, the absence of charm sea quarks in the DWF result is estimated from perturbation theory to be very small [9] .
